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Locally convex Baire spaces have poor permanence properties, as demonstrated
by Valdivia’s non-Baire product of two Baire spaces, which also proves that Baire
is not a three-space property. The opposite is true of Baire-like (BL) and others in
a long list of weaker space properties whose three-space status is known. We add
semi-Baire-like (sBL) to the list. It has long been known that quasi-Baire (QB) is
a three-space property, since a space is QB if and only if it is barrelled and non-
Sσ , and the latter two are three-space properties. Since BL spaces are just those
barrelled spaces that are sBL, the result would be similarly immediate for BL if
sBL were a three-space property. Such a proof is impossible, for we show that sBL
is not a three-space property, and much more: in the extended context, our results
answer with optimal efciency all remaining 631 questions of the form: if F has
property a and E/F has property b, then must the third space E have property c?
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1. THE 631 PROBLEMS/SOLUTIONS
Baire-like (BL) and quasi-Baire (QB) spaces were formally introduced
in 1972 (see [16, 18]) to generalize results by Amemiya and Komura [1]
as used by Ko¨the [11] in extending Kato’s perturbation theory. Kato/Ko¨the
[11] requires a barrelled space having no closed ℵ0-codimensional subspace,
which is equivalent [18] to having no covering increasing sequence of proper
closed subspaces (non-Sσ). A QB space was thus dened as one that is bar-
relled and non-Sσ . The quintessential barrelled-but-not-QB space is the
space ϕ of nitely nonzero scalar sequences given its strongest locally con-
vex topology. In fact, a barrelled space is not QB if and only if it contains a
complemented copy of ϕ [18]. As ϕ is nonmetrizable, it follows that every
metrizable barrelled space is QB.
Metrizable barrelled spaces have a stronger property that denes BL: Ev-
ery closed absorbing sequence must contain a 0-neighborhood. (A [closed]
absorbing sequence in a space E is an increasing sequence of [closed] bal-
anced convex sets whose union is absorbing in E.) In general, BL ⇒ QB
⇒ barrelled, and the arrows reverse under metrizability [1].
While BL and QB, two conditions stronger than barrelled, gave rise to
many other like conditions [310, 12, 13, Chap. 9, 27], authors such as De
Wilde, Houet, Roelcke, Ruess, and Valdivia used absorbing sequences to
study conditions on a space E that are weaker than barrelled, including
the condition that (i) the dual E′; σE′; E is sequentially complete, or,
even weaker, (ii) the dual E′; σE′; E is locally complete. A space with
the latter condition is said to be dual locally complete (dlc), the weakest
of the weak barrelled conditions of [13, Chap. 8]. De Wilde showed that
a metrizable space with the former property must be barrelled (and hence
BL [1]), and Ruess generalized to include metrizable spaces that are dlc.
Thus under metrizability the strong barrelledness conditions BL and QB
and all the weak barrelledness conditions of [13] are equivalent.
Recent characterizations of dual local completeness [19] illuminate a
common footing for the very different-looking original proofs by Saxon and
Levin [17] and Valdivia [28] that every countable-codimensional subspace
of a barrelled space is barrelled. The well-reported SaxonLevin closed
subspace reduction (e.g., see [13, 8.2.17]) presents a crucial consequence of
(i) that for almost three decades went unrecognized as a characterization
[19, Theorem 2.10(8)] of (ii):
(*) A locally convex space is dlc if and only if countable-codimensional
subspaces are closed when spanned by closed balanced convex sets.
Yet weaker than dlc is the primitive property that splits barrelled spaces
into t and flat components [25]. A space E is primitive if, given any in-
creasing covering sequence Enn of subspaces and f ∈ E∗ such that each
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restriction f En is continuous, f is necessarily continuous. Formally stud-
ied in a long and continuing series on weak barrelledness [15, 19, 2024],
primitivity is (easily) implied by non-Sσ in general, and conversely under
metrizability [21]. Under metrizability, then, the 14 distinct classes (includ-
ing BL, QB and non-Sσ) studied in the series collapse into 2: the metrizable
barrelled spaces and the metrizable primitive spaces [21].
In analogy with non-Sσ , a space is semi-Baire-like (sBL) [5] if every closed
absorbing sequence contains a barrel, so that BL spaces are just those bar-
relled spaces that are sBL. Obviously, BL ⇒ sBL ⇒ non-Sσ ⇒ primitive,
and continuous linear images preserve the sBL property.
The series’ omission of sBL is more palatable if one notes that sBL, un-
like the 14, fails to equate to a weak barrelledness condition under metriz-
ability: Let X1 be the sequence space `1, let X2 = ∪p<∞`p, and give X1 and
X2 the sup norm topology induced by the Banach space c0. Then X1 is sBL
but not barrelled, and X2 is not sBL, since the unit ball in `n (n = 1; 2; : : :)
is closed in X2. But X2 is non-Sσ and thus primitive, as it contains the
dense non-Sσ subspace X1.
However, sBL demands consideration in three-space and other problems.
The following observation binds it to a famous Banach space problem : A
Banach space has a (properly) separable quotient if and only if it has a dense
non-sBL subspace. (For proof, apply results of [26].)
A space property P is said to be a three-space property if, given any
locally convex space E with closed subspace F such that F and E/F have
property P, then E itself has property P. Barrelledness is a three-space
property [14]. Trivially, non-Sσ is also a three-space property. Therefore QB
is a three-space property, as is BL [2], but the proof requires a different
pattern, for we will show that sBL is not a three-space property by exhibiting
a space E that is not sBL even though it has a closed subspace F that is
sBL, being dominated by a Banach space, and with E/F actually being a
Banach space.
Of course this E must have the three-space non-Sσ property and thus be
primitive. Must it have any other of the 14 properties not implied by non-
Sσ? Noit is not dlc. It is an optimal counterexample in the 14-property
context expanded to include sBL, the 15th for we will observe (Theorem
3.1) that if F is BL (the only property strictly stronger than sBL) and the
hypothesis on E/F is weakened to sBL, we must then conclude that E is
sBL. Theorem 3.1 itself is optimal, as is our second example, a space E
that is not even primitive although it has a closed barrelled subspace F
with E/F sBL: the only stronger hypothesis on E/F makes it, and thus E,
barrelled, and the only stronger conditions on F are QB and BL, either of
which would make F , and thus E, non-Sσ .
The two examples and theorem, optimal in the 15-property context,
perfectly complement the results of [23], optimal and complete in their
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14-property context, to answer all 153 = 3375 questions of the form: If
the closed subspace F has property a and E/F has property b, then
must E have property c? Indeed, in the notation of [23], the status of all
153 − 143 = 631 statements of the form a; b; c, where at least one of
a; b; c is sBL, is given below:
I. (sBL,b; c) is true precisely when c ≤ inf (non-Sσ; b);
II. if a 6= sBL, then a;sBL,c is true precisely when a ≥ non-Sσ and
c ≤ infa;sBL);
III. a; b;sBL) is true precisely when a = BL and b = sBL, BL.
The reader armed with [23] and Sections 24 will verify the above rather
easily, given the following general fact: Statement a; b; c can be true only
when c ≤ infa; b, for if there is a space E with property p but not property
c, taking F = 0 and F = E, respectively, proves that a;p; c and p; b; c
are false.
2. SEMI-BAIRE-LIKE IS NOT A THREE-SPACE PROPERTY
Example 2.1. There is a space E which is neither sBL nor dlc but has a
closed subspace X such that E/X is a Banach space while X is dominated
by a Banach space and thus is sBL.
Proof. Let X be a Banach space with X ′′/X innite-dimensional, and
let B denote the closed unit ball in X ′′. Choose a sequence unn ⊂ X ′∗
whose span M is innite-dimensional and transverse to X ′′. Let E be the
vector space X ′′ +M . We will view X as a subspace of E and X ′ as a
subspace of E∗. For some subspace Y of E/X∗, the Mackey topology
τE/X;Y  makes E/X a Banach space isomorphic to X ′′/X. Let q x E →
E/X denote the quotient map, dene Z = f ◦ q x f ∈ Y ⊂ E∗, and give
E the Mackey topology T = τE;X ′ + Z. Now X ′ + Z separates points
of E, since X ′ separates points of X
′∗ ⊃ E; i.e., E;T  is Hausdorff. Also,
X = Z⊥ is a closed subspace of E, and X⊥ = Z.
The following observations are immediate:
1. E/X is a Banach space: it is Mackey and E/X′ = Y .
2. X ⊂ E;T  has dual X ′, and thus has the duality invariant sBL
property.
3. E;T  is not sBL: Note that B is σX ′′;X ′-compact, hence
σE;X ′-compact, hence closed in the stronger topology σE;E′, hence
T -closed. Thus each
An = nB +
(
nX
i=1
λiui x
nX
i=1
λi ≤ n
)
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is closed, balanced, convex, and non-absorbing, and E = ∪nAn.
4. E has the three-space non-Sσ property, so the ℵ0-codimensional
X ′′ is not closed in E.
5. E is not dlc by ∗ x B is closed, X ′′ is not.
3. AN OPTIMAL VARIANT TO AN OLD THEOREM
We use a HahnBanach version of the BonetPerez Carreras proof [2]
that Baire-like is a three-space property.
Theorem 3.1. (Bonet and Perez Carreras) If F is a closed BL subspace
of a space E and E/F is sBL, then E is sBL.
Proof. Let Ann be an absorbing sequence in E. Since F is BL, some
A◦◦p ∩ F is a 0-neighborhood in F , so that the set of restrictions A◦pF is
equicontinuous on F . For each f ∈ A◦p the HahnBanach theorem provides
an extension fˆ ∈ E′ of f F such that the totality fˆ x f ∈ A◦p of extensions
is equicontinuous on E. For each n ≥ p we have A◦n+1 ⊂ A◦n ⊂ A◦p, so that
Bn = f − fˆ x f ∈ A◦n is well dened with B◦n+1 ⊃ B◦n ⊃ F . Further, if x is
absorbed by An then f x x f ∈ A◦n is bounded, as is fˆ x x f ∈ A◦n
by equicontinuity, so that x must also be absorbed by B◦n. Thus B◦nn≥p is
an absorbing sequence in E whose members are closed and contain F , and
from this and the fact that E/F is sBL it follows that B◦q is absorbing in E
for some q ≥ p. Hence Bq is σE′; E-bounded, as is the equicontinuous
fˆ x f ∈ A◦q, and therefore so is the subset A◦q of their sum. Equivalently,
A◦◦q is absorbing in E.
4. ANOTHER OPTIMAL EXAMPLE
We simplify and strengthen an example in [23]. The dual of the sBL space
X1 in Section 1 is conventionally identied with `1.
Example 4.1. There exists a non-primitive space E with a closed subspace
F such that F is barrelled and E/F is sBL.
Proof. Let E be algebraically the direct sum ϕ ⊕ X1, where ϕ is the
span of the canonical unit vectors en. Since sBL and primitive are duality
invariant properties, we will rst describe the dual E′ of E and then let
the topology be the Mackey topology τE;E′. The set A of all sequences
θ = θnn of positive scalars has cardinality ˆ. Thus a result of Sierpinski
provides a family Cθ x θ ∈ A of innite subsets of  such that Cθ ∩Cρ is
nite for θ; ρ distinct members of A. For each n, dene fn, gn ∈ E′ so that
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fn (resp., gn) vanishes on X1 (resp., ϕ) and is the nth coordinate functional
on ϕ (resp., X1). For each θ ∈ A and n ∈ , let Cθn be the nth member
of Cθ, and let
hθ;n = θnfn + k−kgk; where k = Cθn:
Each hθ;nn is obviously σE∗; E-null, so that each
Kθ =
nX
n
λnhθ;n x
X
n
λn ≤ 1o
is σE∗; E-compact (cf. the lemma in [20]). We take
E′ = sp∪θ∈AKθ ∪ gn x n ∈  ∪ fn x n ∈ 
and give E the Mackey topology τE;E′. Now gn x n ∈  ⊂ E′ implies
F = ϕ is a closed subspace of E, and if V is any balanced convex subset
of F which absorbs points of F , then there exists θ ∈ A such that each
2nθn−1en ∈ V . Thus each member of U = θnfn x n ∈ ◦ ∩ F is of
the form
P
n αn2nθn−1en, where only nitely many of the αn are nonzero
and each
αn ≤ 2−n. Absolute convexity puts U ⊂ V . Compactness implies
K◦θ is a neighborhood of 0 in the Mackey space E, and Kθ ⊃ hθ;nn implies
K◦θ ∩ F ⊂ hθ;nn◦ ∩ F = U , so that U , and hence V , is a neighborhood
of 0 in F . This proves F has its strongest locally convex topology and is
therefore barrelled.
The restriction to X1 of a member
P
n λnhθ;n of Kθ corresponds to a
scalar sequence a such that ak = 0 for k /∈ Cθ and for k ∈ Cθ we haveak ≤ maxn λnk−k ≤ k−k, and thus a ∈ `1. Hence the natural linear
mapping from X1 (with sup norm topology) onto E/F is continuous, since
the pre-image is Mackey with dual richer than the image’s, and therefore
the image E/F is sBL.
Finally, let f be the linear form which vanishes on X1 and whose value
at each en ∈ ϕ is 1. Since f agrees with
P
i≤n fi on each En = sp ei x i ≤
n ⊕X1, we may conclude that E is not primitive if we show that f /∈ E′.
By way of contradiction, suppose f is of the form
f =
pX
i=1
ai
 X
n
λinhθi;n
!
+
qX
i=1
bifi +
rX
i=1
cigi:
Since f is nonzero on each en ∈ ϕ, it is not in sp fn x n ∈  ∪ gn x n ∈
, so there must be some j ≤ p such that ajλjn is nonzero for innitely
many n. Thus we may choose m > r such that ajλjm 6= 0 and Cθj m /∈∪i 6=jCθi , since the Cθ are pairwise almost disjoint. But this, coupled with
the fact that Cθj m ≥ m > r, means that f X1 corresponds to a member
of `1 with a nonzero kth term of the form ajλjmk−k, so that it does not
vanish on this ek ∈ X1, contradicting the original denition of f .
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Note that for G an arbitrary barrelled space, G⊕ E is still not primitive
but contains the closed subspace G⊕ ϕ by which its quotient is still as in
our example; i.e., we could replace F in the example by G⊕ ϕ, hence by
any barrelled space that is not QB [18], and by no other, or E would have
the three-space non-Sσ property.
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